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Introduction and preliminaries
The concept of b-metric space was introduced and studied
by Bakhtin [7] and later used by Czerwik [13, 14] which is
a generalization of the usual metric space. After that,
several papers have dealt with fixed point theory for single-
valued and multi-valued operators in b-metric spaces have
been obtained (see, e.g., [2, 5, 11, 12, 26, 28]).
Existence of coupled fixed point was introduced by Guo
and Lakshmikantham [16]. In 2006, Gnana-Bhaskar and
Lakshmikantham [10] introduced the concept of mixed
monotone property in partially ordered metric space.
Afterward, Lakshmikantham and C´iric´ in [24] extended
these results by giving the definition of the g-monotone
property. Many papers have been reported on coupled fixed
point theory (see, e.g., [1, 3, 4, 9, 18, 27]). In 2011, Vasile
Berinde and Marin Borcut [8] extended and generalized the
results of [10] and introduced the concept of a tripled fixed
point and the mixed monotone property of a mapping F :
X3 ! X: For more details on tripled fixed point results, we
refer to [6, 26]. Recently, Karapinar and Luong [19]
introduced the concept of a quadruple fixed point and the
mixed monotone property of a mapping F : X4 ! X and
they presented some new quadruple fixed point results. For
a survey of quadruple fixed point theorems and related
fixed points we refer the reader to [20–22].
Definition 1.1 [14]. Let X be a nonempty set and s 1 a
given real number. A function d : X2 ! Rþ is called a b-
metric provided that, for all x; y; z 2 X; the following
conditions hold:
(b1) dðx; yÞ ¼ 0 if and only if x ¼ y;
(b2) dðx; yÞ ¼ dðy; xÞ;
(b3) dðx; zÞ s½dðx; yÞ þ dðy; zÞ.
The pair ðX; dÞ is called a b-metric space with parameter s:
Remark 1.1 It is obvious that any metric space must be a
b-metric space where a b-metric space is a metric space
when s ¼ 1: The following example show that in general a
b-metric need not necessarily be a metric space (see also
[29]).
Example 1.1 [2]. Let ðX; dÞ be a metric space and
qðx; yÞ ¼ ðdðx; yÞÞp; where p [ 1 is a real number. Then q
is a b-metric with s ¼ 2p1: However, if ðX; dÞ is a metric
space, then ðX; qÞ is not necessarily a metric space. For
example, if X ¼ R is the set of real numbers and dðx; yÞ ¼
jx  yj is the usual Euclidean metric, then qðx; yÞ ¼
ðx  yÞ2 is a b-metric on R with s ¼ 2; but is not a metric
on R:
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Definition 1.2 [11]. Let ðX; dÞ be a b-metric space. Then
a sequence fxng in X is called
(i) b-convergent if and only if there exists x 2 X such
that dðxn; xÞ ! 0 as n !1: In this case, we write
limn!1 xn ¼ x;
(ii) b-Cauchy if and only if dðxn; xmÞ ! 0 as
n; m !1:
Proposition 1.1 ([11] Remark 2.1) In a b-metric space
the following assertions hold:
(i) A b-convergent sequence has a unique limit.
(ii) Each b-convergent sequence is b-Cauchy.
(iii) In general, a b-metric is not continuous.
Definition 1.3 [11]. Let ðX; dÞ and ð X; dÞ be two b-metric
spaces.
(i) The space ðX; dÞ is b-complete if every b-Cauchy
sequence in X b-converges.
(ii) A function f : X ! X is b-continuous at a point
x 2 X if it is b-sequentially continuous at x; that is,
whenever fxng is b-convergent to x, ff ðxnÞg is b-
convergent to f ðxÞ:
Definition 1.4 [11]. The b-metric space ðX; dÞ is b-
complete if every b-Cauchy sequence in X b-converges.
It should be noted that, in general a b-metric function
dðx; yÞ for s [ 1 is not jointly continuous in all its vari-
ables. The following example on a b-metric which is not
continuous.
Example 1.2 [17]. Let X ¼ N [ f1g and let d : X  X !
R be defined by
dðm; nÞ ¼










; if one of m; n is even and the other is even or 1;









Then considering all possible cases, it can be checked that
for all m; n; p 2 X; we have
dðm; pÞ 5
2
ðdðm; nÞ þ dðn; pÞÞ:
Thus, ðX; dÞ is a b-metric space (with s ¼ 5
3
). Let xn ¼ 2n
for each n 2 N: Then
dð2n;1Þ ¼ 1
2n
! 0 as n !1;
that is, xn !1; but dðxn; 1Þ ¼ 295 ¼ dð1; 1Þ as
n !1:
Since, in general, a b-metric is not continuous, we need
the following lemma about the b-convergent sequences in
the proof of our main result.
Lemma 1.1 [2]. Let ðX; dÞ be a b-metric space with s 1;
and suppose that fxng and fyng b-converge to x; y;
respectively. Then, we have
1
s2
dðx; yÞ lim inf
n!1 dðxn; ynÞ lim supn!1 dðxn; ynÞ s
2dðx; yÞ:
In particular, if x ¼ y then lim
n!1 dðxn; ynÞ ¼ 0: Moreover,
for each z 2 X we have
1
s
dðx; zÞ lim inf
n!1 dðxn; zÞ lim supn!1 dðxn; zÞ sdðx; zÞ:
Definition 1.5 Let X be a nonempty set and let F : X4 !
X; g : X ! X: An element ðx; y; z; wÞ 2 X4 is called
(i) [19] a quadruple fixed point of F if
Fðx; y; z; wÞ ¼ x; Fðy; z; w; xÞ ¼ y;
Fðz; w; x; yÞ ¼ z and Fðw; x; y; zÞ ¼ w:
(ii) [25] a quadruple coincidence point of F and g if
Fðx; y; z; wÞ ¼ gx; Fðy; z; w; xÞ ¼ gy;
Fðz; w; x; yÞ ¼ gz and Fðw; x; y; zÞ ¼ gw:
ðgx; gy; gz; gwÞ is said to be a quadruple point of
coincidence of F and g:
(iii) [25] a quadruple common fixed point of F and g if
Fðx; y; z; wÞ ¼ gx ¼ x; Fðy; z; w; xÞ ¼ gy ¼ y;
Fðz; w; x; yÞ ¼ gz ¼ z and Fðw; x; y; zÞ ¼ gw ¼ w:
Definition 1.6 [25]. Let ðX;Þ be a partially ordered set
and let F : X4 ! X; g : X ! X: The mapping F is said to
have the mixed g-monotone property if for any
x; y; z; w 2 X;
x1; x2 2 X; gx1  gx2 implies Fðx1; y; z; wÞFðx2; y; z; wÞ;
y1; y2 2 X; gy1  gy2 implies Fðx; y2; z; wÞFðx; y1; z; wÞ;
z1; z2 2 X; gz1  gz2 implies Fðx; y; z1; wÞFðx; y; z2; wÞ;
and w1; w2 2 X; gw1  gw2 implies Fðx; y; z; w2ÞFðx; y; z; w1Þ:
In particular, when g ¼ iX ; then from [19] we say that F
has the mixed monotone property that is, for any
x; y; z; w 2 X;
x1; x2 2 X; x1  x2 implies Fðx1; y; z; wÞFðx2; y; z; wÞ;
y1; y2 2 X; y1  y2 implies Fðx; y2; z; wÞFðx; y1; z; wÞ;
z1; z2 2 X; z1  z2 implies Fðx; y; z1; wÞFðx; y; z2; wÞ;
and w1; w2 2 X; w1 w2 implies Fðx; y; z; w2ÞFðx; y; z; w1Þ:
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The concept of an altering distance function was intro-
duced by Khan et al. [23] as follows.
Definition 1.7 [23]. A function w : ½0;1Þ ! ½0;1Þ is
called an altering distance function if
(i) w is non-decreasing and continuous,
(ii) wðtÞ ¼ 0 if and only if t ¼ 0:
Definition 1.8 [1]. The mappings F : X  X ! X and f :
X ! X are called w-compatible if f ðFðx; yÞÞ ¼ Fðfx; fyÞ
whenever f ðxÞ ¼ Fðx; yÞ and f ðyÞ ¼ Fðy; xÞ:
In 2012, Doric´ et al. [15] established coupled fixed point
results without the mixed monotone property. This prop-
erty is automatically satisfied in the case of a totally
ordered space. Therefore, these results can be applied in a
much wider class of problems. Now, we state a property
due to Doric´ et al. [15].
If elements x; y of a partially ordered set ðX;Þ are
comparable (i.e., x  y or y 	 x holds) we will write x 
 y:
Let g : X ! X and F : X  X ! X: We will consider the
following condition:
if x; y; u; v 2 X are such that gx 
 Fðx; yÞ
¼ gu then Fðx; yÞ 
 Fðu; vÞ: ð1:1Þ
In particular, when g ¼ iX ; it reduces to
for all x; y; v if x 
 Fðx; yÞ then Fðx; yÞ 
 FðFðx; yÞ; vÞ:
ð1:2Þ
The aim of this paper is to extend the property due to
Doric´ et al. [15] to the case of mappings g : X ! X;
F : X4 ! X; and show that a mixed monotone property
in quadruple fixed point results for mappings in partially
ordered b-metric spaces can be replaced by another
property which is often easy to check in the case of a
totally ordered space. We prove the existence of qua-
druple coincidence and uniqueness quadruple common
fixed point theorems for a compatible and w-compatible
mappings satisfying generalized contraction in partially
ordered b-metric spaces without the mixed g-monotone
property. Also, we state an example showing that our
results are effective.
Quadruple coincidence point theorems
Let g : X ! X and F : X4 ! X: We consider the following
condition:
if x; y; z; w; u; v; r; t 2 X are such that gx 
 Fðx; y; z; wÞ
¼ gu then Fðx; y; z; wÞ 
 Fðu; v; r; tÞ:
ð2:1Þ
In particular, when g ¼ iX ; it reduces to
for all x; y; v; r; t if x 
 Fðx; y; z; wÞ then Fðx; y; z; wÞ 

FðFðx; y; z; wÞ; v; r; tÞ:
ð2:2Þ
We will show by examples the condition (2.1), ((2.2) resp.)
may be satisfied when F does not have the mixed g-
monotone property, (monotone property resp.).
Example 2.1 Let X ¼ fa; b; c; dg; ¼ fða; aÞ; ðb; bÞ;
ðc; cÞ; ðd; dÞ; ða; bÞ; ðc; dÞg;
g :
a b c d




ða; y; z; wÞ ðb; y; z; wÞ ðc; y; z; wÞ ðd; y; z; wÞ
b a c d
 
;
for all y; z; w 2 X: Since ga ¼ c  gb ¼ d but
Fða; y; z; wÞ 	 Fðb; y; z; wÞ for all y; z; w 2 X; the mapping
F does not have the mixed g-monotone property. But it has
property (2.1) where
(i) For each y; z; w 2 X; we get gc 
 Fðc; y; z; wÞ and
Fðc; y; z; wÞ 
 Fðc; v; r; tÞ for all v; r; t 2 X:
(ii) For each y; z; w 2 X; we get gd 
 Fðd; y; z; wÞ and
Fðd; y; z; wÞ 
 Fðd; v; r; tÞ for all v; r; t 2 X:
(iii) The other two cases are trivial.
Example 2.2 Let X ¼ fa; b; c; dg; ¼ fða; aÞ; ðb; bÞ;
ðc; cÞ; ðd; dÞ; ða; bÞ; ðc; dÞg;
F :
ða; y; z; wÞ ðb; y; z; wÞ ðc; y; z; wÞ ðd; y; z; wÞ
b a c d
 
for all y; z; w 2 X: Since a  b but Fða; y; z; wÞ ¼ b 	 a ¼
Fðb; y; z; wÞ for all y; z; w 2 X; the mapping F does not
have the mixed monotone property. But it has property
(2.2) since
(i) For each y; z; w 2 X; we get a 
 Fða; y; z; wÞ and
Fða; y; z; wÞ ¼ b 
 a ¼ FðFða; y; z; wÞ; v; r; tÞ for
all v; r; t 2 X:
(ii) For each y; z; w 2 X; we get b 
 Fðb; y; z; wÞ and
Fðb; y; z; wÞ ¼ a 
 b ¼ FðFðb; y; z; wÞ; v; r; tÞ for
all v; r; t 2 X:
(iii) The other two cases are trivial.
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Definition 2.1 Let ðX; dÞ be a b-metric space and let
g : X ! X; F : X4 ! X: The mappings g and F are said to
be compatible if
lim
n!1 dðgFðxn; yn; zn; wnÞ; Fðgxn; gyn; gzn; gwnÞÞ ¼ 0;
lim
n!1 dðgFðyn; zn; wn; xnÞ; Fðgyn; gzn; gwn; gxnÞÞ ¼ 0;
lim
n!1 dðgFðzn; wn; xn; ynÞ; Fðgzn; gwn; gxn; gynÞÞ ¼ 0
and lim
n!1 dðgFðwn; xn; yn; znÞ; Fðgwn; gxn; gyn; gznÞÞ ¼ 0;
hold whenever fxng; fyng; fzng and fwng are sequences in
X such that
lim
n!1Fðxn; yn; zn; wnÞ ¼ limn!1 gxn;
lim
n!1Fðyn; zn; wn; xnÞ ¼ limn!1 gyn;
lim
n!1Fðzn; wn; xn; ynÞ ¼ limn!1 gzn and
lim
n!1Fðwn; xn; yn; znÞ ¼ limn!1 gwn:
Definition 2.2 The mappings F : X4 ! X and g : X ! X
are called w-compatible if gðFðx; y; z; wÞÞ ¼ Fðgx;
gy; gz; gwÞ whenever gx ¼ Fðx; y; z; wÞ; gy ¼ Fðy; z; w; xÞ;
gz ¼ Fðz; w; x; yÞ and gw ¼ Fðw; x; y; zÞ:
Remark 2.1 In an altering distance function w : ½0;1Þ !
½0;1Þ; since w is non-decreasing then for any a; b; c; d 2
½0;1Þ the following holds.
wðmaxfa; b; c; dgÞ ¼ maxfwðaÞ; wðbÞ; wðcÞ; wðdÞg:
The triple ðX; d;Þ is called a partially ordered b-metric
space if ðX;Þ is a partially ordered set and ðX; dÞ is a b-
metric space.
Our first result is the following.
Theorem 2.1 Let ðX; d;Þ be a partially ordered com-
plete b-metric space with parameter s 1. Let F : X4 ! X
and g : X ! X be two mappings such that the following hold:
(i) g and F are b-continuous,
(ii) FðX4Þ  gðXÞ; g and F are compatible,
(iii) g and F satisfy property (2.1),
(iv) there exist x0; y0; z0; w0 2 X such that gx0 

Fðx0; y0; z0; w0Þ;
gy0 
 Fðy0; z0; w0; x0Þ; gz0 
 Fðz0; w0; x0; y0Þ and
gw0 
 Fðw0; x0; y0; z0Þ;
(v) there exist an altering distance function w and
/ : ½0;1Þ4 ! ½0;1Þ is continuous with
/ðt1; t2; t3; t4Þ ¼ 0 if and only if t1 ¼ t2 ¼ t3 ¼
t4 ¼ 0 such that
wðsdðFðx; y; z; wÞ; Fðu; v; r; tÞÞÞ
wðmaxfdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞgÞ
 /ðdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞÞ;
ð2:3Þ




 gr and gw 
 gt:
Then, F and g have a quadruple coincidence point.
Proof Let x0; y0; z0; w0 2 X be such that condition (iv)
holds. Since FðX4Þ  gðXÞ; then we can choose
x1; y1; z1; w1 2 X such that
gx1 ¼ Fðx0; y0; z0; w0Þ; gy1 ¼ Fðy0; z0; w0; x0Þ;
gz1 ¼ Fðz0; w0; x0; y0Þ and gw1 ¼ Fðw0; x0; y0; z0Þ:
ð2:4Þ
By continuing this process, we can construct sequences
fxng; fyng; fzng and fwng in X such that
gxnþ1 ¼ Fðxn; yn; zn; wnÞ; gynþ1 ¼ Fðyn; zn; wn; xnÞ;
gznþ1 ¼ Fðzn; wn; xn; ynÞ; and gwnþ1 ¼ Fðwn; xn; yn; znÞ




 gxnþ1; gyn 
 gynþ1; gzn 
 gznþ1
and gwn 
 gwnþ1 for n 0:
ð2:6Þ
So, we use the mathematical induction. By condition (iv)
and using (2.4) we get gx0 




 gw1: So (2.6) holds for n ¼ 0: We assume that (2.6)
holds for some n [ 0; that is gxn 
 gxnþ1;
gyn 
 gynþ1; gzn 
 gznþ1; and gwn 
 gwnþ1; we get
gxn ¼ Fðxn1; yn1; zn1; wn1Þ 
 Fðxn; yn; zn; wnÞ ¼ gxnþ1;
gyn ¼ Fðyn1; zn1; wn1; xn1Þ 
 Fðyn; zn; wn; xnÞ ¼ gynþ1;
gzn ¼ Fðzn1; wn1; xn1; yn1Þ 
 Fðzn; wn; xn; ynÞ ¼ gznþ1;
gwn ¼ Fðwn1; xn1; yn1; zn1Þ 
 Fðwn; xn; yn; znÞ ¼ gwnþ1:
Hence from condition (iii) we conclude that
Fðxn; yn; zn; wnÞ 
 Fðxnþ1; ynþ1; znþ1; wnþ1Þ;
Fðyn; zn; wn; xnÞ 
 Fðynþ1; znþ1; wnþ1; xnþ1Þ;
Fðzn; wn; xn; ynÞ 
 Fðznþ1; wnþ1; xnþ1; ynþ1Þ;
Fðwn; xn; yn; znÞ 
 Fðwnþ1; xnþ1; ynþ1; znþ1Þ:
So, gxnþ1 




 gwnþ2: Thus (2.6) holds for all n 2 N: Suppose
that for some k 2 N;
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gxk ¼ gxkþ1; gyk ¼ gykþ1;
gzk ¼ gzkþ1 and gwk ¼ gwkþ1;
then by (2.5) we get gxk ¼ Fðxk; yk; zk; wkÞ; gyk ¼ Fðyk;
zk; wk; xkÞ; gzk ¼ Fðzk; wk; xk; ykÞ and gwk ¼ Fðwk; xk;
yk; zkÞ: Hence ðxk; yk; zk; wkÞ is a quadruple coincidence
point of F and g: So, we assume that for all n 2 N at least
gxn 6¼ gxnþ1 or gyn 6¼ gynþ1 or gzn 6¼ gznþ1 or gwn 6¼ gw
n þ 1: Since gxn 
 gxnþ1; gyn 
 gynþ1; gzn 
 gznþ1 and
gwn 
 gwnþ1 for all n 2 N; then from (2.3) and (2.5) we
obtain
wðsdðgxn; gxnþ1Þ ¼ wðsdðFðxn1; yn1; zn1; wn1Þ;
Fðxn; yn; zn; wnÞÞÞwðmaxfdðgxn1; gxnÞ; dðgyn1; gynÞ;
dðgzn1; gznÞ; dðgwn1; gwnÞgÞ  /ðdðgxn1; gxnÞ;
dðgyn1; gynÞ; dðgzn1; gznÞ; dðgwn1; gwnÞÞ; ð2:7Þ
wðsdðgyn; gynþ1ÞÞ ¼ wðsdðFðyn1; zn1; wn1; xn1Þ;
Fðyn; zn; wn; xnÞÞÞwðmaxfdðgyn1; gynÞ; dðgzn1; gznÞ;
dðgwn1; gwnÞ; dðgxn1; gxnÞgÞ  /ðdðgyn1; gynÞ;
dðgzn1; gznÞ; dðgwn1; gwnÞ; dðgxn1; gxnÞÞ; ð2:8Þ
wðsdðgzn; gznþ1ÞÞ ¼ wðsdðFðzn1; wn1; xn1; yn1Þ;
Fðzn; wn; xn; ynÞÞÞwðmaxfdðgzn1; gznÞ; dðgwn1; gwnÞ;
dðgxn1; gxnÞ; dðgyn1; gynÞgÞ  /ðdðgzn1; gznÞ;
dðgwn1; gwnÞ; dðgxn1; gxnÞ; dðgyn1; gynÞÞ; ð2:9Þ
and
wðsdðgwn; gwnþ1ÞÞ ¼ wðsdðFðwn1; xn1; yn1; zn1Þ;
Fðwn; xn; yn; znÞÞÞwðmaxfdðgwn1; gwnÞ; dðgxn1; gxnÞ;
dðgyn1; gynÞ; dðgzn1; gznÞgÞ  /ðdðgwn1; gwnÞ; dðgxn1;
gxnÞ; dðgyn1; gynÞ; dðgzn1; gznÞÞ: ð2:10Þ
Set
dn ¼ maxfdðgxn; gxnþ1Þ; dðgyn; gynþ1Þ;
dðgzn; gznþ1Þ; dðgwn; gwnþ1Þg:
From (2.7) to (2.10) and Remark 2.1, it follows that
wðsdnÞ ¼ maxfwðsdðgxn; gxnþ1ÞÞ; wðsdðgyn; gynþ1ÞÞ;
wðsdðgzn; gznþ1ÞÞ; wðsdðgwn; gwnþ1ÞÞgwðdn1Þ
 minf/ðdðgxn1; gxnÞ; dðgyn1; gynÞ; dðgzn1; gznÞ;
dðgwn1; gwnÞÞ; /ðdðgyn1; gynÞ; dðgzn1; gznÞ;
dðgwn1; gwnÞ; dðgxn1; gxnÞÞ; /ðdðgzn1; gznÞ;
dðgwn1; gwnÞ; dðgxn1; gxnÞ; dðgyn1; gynÞÞ;
/ðdðgwn1; gwnÞ; dðgxn1; gxnÞ; dðgyn1; gynÞ;
dðgzn1; gznÞÞg: ð2:11Þ
and since w is non-decreasing then from (2.11) we have that
wðdnÞwðsdnÞwðdn1Þ  minf/ðdðgxn1; gxnÞ;
dðgyn1; gynÞ; dðgzn1; gznÞ; dðgwn1; gwnÞÞ; /ðdðgyn1; gynÞ;
dðgzn1; gznÞ; dðgwn1; gwnÞ; dðgxn1; gxnÞÞ; /ðdðgzn1; gznÞ;
dðgwn1; gwnÞ; dðgxn1; gxnÞ; dðgyn1; gynÞÞ; ;
/ðdðgwn1; gwnÞ; dðgxn1; gxnÞ; dðgyn1; gynÞ; dðgzn1; gznÞÞg:
ð2:12Þ
Hence,
wðdnÞwðdn1Þ for all n 2 N: ð2:13Þ
Since w is non-decreasing, we have dn  dn1 for all n:
Therefore, fdng is a non-increasing sequence, so there is
some d 0 such that
lim
n!1 dn ¼ d:
Letting n !1; in (2.12), we get
wðdÞwðdÞ  minf lim
n!1/ðdðgxn1; gxnÞ;
dðgyn1; gynÞ; dðgzn1; gznÞ; dðgwn1; gwnÞÞ;
lim
n!1/ðdðgyn1; gynÞ; dðgzn1; gznÞ; dðgwn1; gwnÞ;
dðgxn1; gxnÞÞ; lim
n!1/ðdðgzn1; gznÞ; dðgwn1; gwnÞ;
dðgxn1; gxnÞ; dðgyn1; gynÞÞ; lim
n!1/ðdðgwn1; gwnÞ;
dðgxn1; gxnÞ; dðgyn1; gynÞ; dðgzn1; gznÞÞgwðdÞ:
Hence,
min lim
n!1/ðdðgxn1; gxnÞ; dðgyn1; gynÞ; dðgzn1; gznÞ;
dðgwn1; gwnÞÞ; lim
n!1/ðdðgyn1; gynÞ; dðgzn1; gznÞ;
dðgwn1; gwnÞ; dðgxn1; gxnÞÞ; lim
n!1/ðdðgzn1; gznÞ;
dðgwn1; gwnÞ; dðgxn1; gxnÞ; dðgyn1; gynÞÞ;
lim
n!1/ðdðgwn1; gwnÞ; dðgxn1; gxnÞ; dðgyn1; gynÞ;
dðgzn1; gznÞÞg ¼ 0:
That is
lim
n!1/ðdðgxn1; gxnÞ; dðgyn1; gynÞ; dðgzn1; gznÞ;
dðgwn1; gwnÞÞ ¼ 0 or lim
n!1/ðdðgyn1; gynÞ; dðgzn1; gznÞ;
dðgwn1; gwnÞ; dðgxn1; gxnÞÞ ¼ 0 or lim
n!1/ðdðgzn1; gznÞ;
dðgwn1; gwnÞ; dðgxn1; gxnÞ; dðgyn1; gynÞÞ ¼ 0 or
lim
n!1/ðdðgwn1; gwnÞ; dðgxn1; gxnÞ; dðgyn1; gynÞ;
dðgzn1; gznÞÞ ¼ 0:
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So, using the properties of /, we have
lim
n!1 dðgxn1; gxnÞ ¼ 0; limn!1 dðgyn1; gynÞ ¼ 0;
lim
n!1 dðgzn1; gznÞ ¼ 0 and limn!1 dðgwn1; gwnÞ ¼ 0:
Thus, lim
n!1 dn1 ¼ 0: Therefore d ¼ 0: Now, we show that
fgxng; fgyng; fgzng; and fgwng are b-Cauchy sequences in
ðX; dÞ; that is, we show that for every e [ 0; there exists
k 2 N such that for all m; n k;
maxfdðgxm; gxnÞ; dðgym; gynÞ; dðgzm; gznÞ; dðgwm; gwnÞg\e:
Suppose the contrary, that is at least one of the sequences
fgxng; fgyng; fgzng and fgwng is not a b-Cauchy sequence,
so there exists e [ 0 for which we can find subsequences
fgxmðkÞg; fgxnðkÞg of fgxng; fgymðkÞg; fgynðkÞg of
fgyng;fgzmðkÞg; fgznðkÞg of fgzng and fgwmðkÞg; fgwnðkÞg of
fgwng with nðkÞ[ mðkÞ k such that
maxfdðgxmðkÞ; gxnðkÞÞ; dðgymðkÞ; gynðkÞÞ; dðgzmðkÞ; gznðkÞÞ;
dðgwmðkÞ; gwnðkÞÞg e; ð2:14Þ
for every integer k, let nðkÞ be the least positive integer
with nðkÞ[ mðkÞ k satisfying (2.14) and such that
maxfdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;
dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þg\e:
ð2:15Þ






Hence from (2.14) and (2.16), we have
e maxfdðgxmðkÞ; gxnðkÞÞ; dðgymðkÞ; gynðkÞÞ; dðgzmðkÞ; gznðkÞÞ;
dðgwmðkÞ; gwnðkÞÞg s½maxfdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ;
gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þg
þ maxfdðgxnðkÞ1; gxnðkÞÞ; dðgynðkÞ1; gynðkÞÞ;
dðgznðkÞ1; gznðkÞÞ; dðgwnðkÞ1; gwnðkÞÞg ¼ s maxfdðgxmðkÞ;
gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ;
gwnðkÞ1Þg þ sdnðkÞ1:
Taking the upper and lower limits as k !1 in the above
inequality, from (2.14), (2.15) and as lim






maxfdðgxmðkÞ; gxnðkÞÞ; dðgymðkÞ; gynðkÞÞ; dðgzmðkÞ;





maxfdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;






maxfdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;
dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þg\e: ð2:19Þ
Also, from the b-triangle inequality we obtain
e maxfdðgxmðkÞ; gxnðkÞÞ; dðgymðkÞ; gynðkÞÞ; dðgzmðkÞ; gznðkÞÞ;
dðgwmðkÞ; gwnðkÞÞg s½maxfdðgxmðkÞ; gxmðkÞþ1Þ; dðgymðkÞ;
gymðkÞþ1Þ; dðgzmðkÞ; gzmðkÞþ1Þ; dðgwmðkÞ; gwmðkÞþ1Þg
þ maxfdðgxmðkÞþ1; gxnðkÞÞ; dðgymðkÞþ1; gynðkÞÞ; dðgzmðkÞþ1;
gznðkÞÞ; dðgwmðkÞþ1; gwnðkÞÞg
¼ sdmðkÞ þ s maxfdðgxmðkÞþ1; gxnðkÞÞ; dðgymðkÞþ1; gynðkÞÞ;
dðgzmðkÞþ1; gznðkÞÞ; dðgwmðkÞþ1; gwnðkÞÞg;
and
maxfdðgxmðkÞþ1; gxnðkÞÞ; dðgymðkÞþ1; gynðkÞÞ; dðgzmðkÞþ1; gznðkÞÞ;
dðgwmðkÞþ1; gwnðkÞÞg s½maxfdðgxmðkÞþ1; gxmðkÞÞ þ gymðkÞþ1;
dðgymðkÞÞ þ dðgzmðkÞþ1; gzmðkÞÞ þ dðgwmðkÞþ1; gwmðkÞÞg
þ maxfdðgxmðkÞ; gxnðkÞÞ; dðgymðkÞ; gynðkÞÞ; dðgzmðkÞ; gznðkÞÞ;
dðgwmðkÞ; gwnðkÞÞg ¼ sdmðkÞ þ s maxfdðgxmðkÞ; gxnðkÞÞ;
dðgymðkÞ; gynðkÞÞ; dðgzmðkÞ; gznðkÞÞ; dðgwmðkÞ; gwnðkÞÞg:
Taking the upper limit as k !1 in the above two




 lim supn!1 maxfdðgxmðkÞþ1; gxnðkÞÞ; dðgymðkÞþ1; gynðkÞÞ;
dðgzmðkÞþ1; gznðkÞÞ; dðgwmðkÞþ1; gwnðkÞÞg\se:
ð2:20Þ
Since gxn 
 gxnþ1; gyn 
 gynþ1; gzn 
 gznþ1 and gwn 

gwnþ1 for all n 0, then gxmðkÞ 
 gxnðkÞ1; gymðkÞ 
 gy
nðkÞ  1;gzmðkÞ 
 gznðkÞ1 and gwmðkÞ 
 gwnðkÞ1:
Putting x ¼ xmðkÞ; y ¼ ymðkÞ; z ¼ zmðkÞ; w ¼ wmðkÞ;
u ¼ xnðkÞ1; v ¼ ynðkÞ1; r ¼ znðkÞ1; t ¼ wnðkÞ1; in (2.3)
for all k 0; we conclude that
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wðsdðgxmðkÞþ1; gxnðkÞÞÞ
¼ wðsdðFðxmðkÞ; ymðkÞ; zmðkÞ; wmðkÞÞ; FðxnðkÞ1; ynðkÞ1;
znðkÞ1; wnðkÞ1ÞÞÞ
wðmaxfdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;
dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1ÞgÞ
 /ðdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;
dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1ÞÞ; ð2:21Þ
wðsdðgymðkÞþ1; gynðkÞÞÞ
¼ wðsdðFðymðkÞ; zmðkÞ; wmðkÞ; xmðkÞÞ; FðynðkÞ1;
znðkÞ1; wnðkÞ1; xnðkÞ1ÞÞÞ
wðmaxfdðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1Þ;
dðgwmðkÞ; gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1ÞgÞ
 /ðdðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ;
gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1ÞÞ; ð2:22Þ
wðsdðgzmðkÞþ1; gznðkÞÞÞ
¼ wðsdðFðzmðkÞ; wmðkÞ; xmðkÞ; ymðkÞÞ; FðznðkÞ1;
wnðkÞ1; xnðkÞ1; ynðkÞ1ÞÞÞ
wðmaxfdðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þ;
dðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1ÞgÞ
 /ðdðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þ;
dðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1ÞÞ; ð2:23Þ
and
wðsdðgwmðkÞþ1; gwnðkÞÞÞ
¼ wðsdðFðwmðkÞ; xmðkÞ; ymðkÞ; zmðkÞÞ; FðwnðkÞ1; xnðkÞ1;
ynðkÞ1; znðkÞ1ÞÞÞ
wðmaxfdðgwmðkÞ; gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1Þ;
dðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1ÞgÞ
 /ðdðgwmðkÞ; gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ;
gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1ÞÞ:
ð2:24Þ
From (2.21)–(2.24) and Remark 2.1, it follows that
wðs maxfdðgxmðkÞþ1; gxnðkÞÞ; dðgymðkÞþ1; gynðkÞÞ;
dðgzmðkÞþ1; gznðkÞÞ; dðgwmðkÞþ1; gwnðkÞÞgÞ
wðmaxfdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;
dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1ÞgÞ
 minf/ðdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ;
gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1ÞÞ;
/ðdðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ;
gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1ÞÞ;
/ðdðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þ; dðgxmðkÞ;
gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1ÞÞ;
/ðdðgwmðkÞ; gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;
dðgzmðkÞ; gznðkÞ1ÞÞg:
Taking the upper limit as k !1 in the above inequality
and using (2.18) and (2.20), we have
wðeÞ ¼ w s e
s
 
wðeÞ  lim inf
k!1
minf/ðdðgxmðkÞ; gxnðkÞ1Þ;
dðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1ÞÞ;
/ðdðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ;
gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1ÞÞ;
/ðdðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þ; dðgxmðkÞ;
gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1ÞÞ;





minf/ðdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;
dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1ÞÞ;
/ðdðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ;
gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1ÞÞ;
/ðdðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þ;
dðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1ÞÞ;
/ðdðgwmðkÞ; gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ;
gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1ÞÞg ¼ 0;
Therefore,




/ðdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;
dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1ÞÞ
lim inf
k!1
/ðdðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1Þ;
dðgwmðkÞ; gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1ÞÞ
lim inf
k!1
/ðdðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þ;
dðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1ÞÞ
lim inf
k!1
/ðdðgwmðkÞ; gwnðkÞ1Þ; dðgxmðkÞ; gxnðkÞ1Þ;
dðgymðkÞ; gynðkÞ1Þ; dðgzmðkÞ; gznðkÞ1ÞÞ
Using the properties of /, it follows that
lim inf
k!1
dðgxmðkÞ; gxnðkÞ1Þ ¼ 0;
lim inf
k!1
dðgymðkÞ; gynðkÞ1Þ ¼ 0;
lim inf
k!1
dðgzmðkÞ; gznðkÞ1Þ ¼ 0 and
lim inf
k!1




maxfdðgxmðkÞ; gxnðkÞ1Þ; dðgymðkÞ; gynðkÞ1Þ;
dðgzmðkÞ; gznðkÞ1Þ; dðgwmðkÞ; gwnðkÞ1Þg ¼ 0;
which is a contradiction to (2.19). Thus, fgxng; fgyng;
fgzng; and fgwng are b-Cauchy sequences in X: Now, we
show that F and g have a quadruple coincidence point.
Since X is b-complete and fgxng; fgyng; fgzng; and fgwng
are b-Cauchy sequences in X; there exists x; y; z; w 2 X
such that
lim
n!1 dðgxn; xÞ ¼ 0;
lim
n!1 dðgyn; yÞ ¼ 0; limn!1 dðgzn; zÞ ¼ 0 and
lim
n!1 dðgwn; wÞ ¼ 0:
ð2:25Þ
From (2.5) and (2.25), we get
lim
n!1 gxn ¼ limn!1Fðxn; yn; zn; wnÞ ¼ x;
lim
n!1 gyn ¼ limn!1Fðyn; zn; wn; xnÞ ¼ y;
lim
n!1 gzn ¼ limn!1Fðzn; wn; xn; ynÞ ¼ z
lim
n!1 gwn ¼ limn!1Fðwn; xn; yn; znÞ ¼ w:
Hence from the compatibility of F and g, we obtain
lim
n!1 dðgFðxn; yn; zn; wnÞ; Fðgxn; gyn; gzn; gwnÞÞ ¼ 0;
lim
n!1 dðgFðyn; zn; wn; xnÞ; Fðgyn; gzn; gwn; gxnÞÞ ¼ 0;
lim
n!1 dðgFðzn; wn; xn; ynÞ; Fðgzn; gwn; gxn; gynÞÞ ¼ 0;
and lim
n!1 dðgFðwn; xn; yn; znÞ; Fðgwn; gxn; gyn; gznÞÞ ¼ 0:
ð2:26Þ
Further, from the continuity of F and g we get
lim
n!1 gFðxn; yn; zn; wnÞ ¼ limn!1 ggxnþ1 ¼ gx;
lim
n!1Fðgxn; gyn; gzn; gwnÞ ¼ Fðx; y; z; wÞ;
lim
n!1 gFðyn; zn; wn; xnÞ ¼ limn!1 ggynþ1 ¼ gy;
lim
n!1Fðgyn; gzn; gwn; gxnÞ ¼ Fðy; z; w; xÞ;
lim
n!1 gFðzn; wn; xn; ynÞ ¼ limn!1 ggznþ1 ¼ gz;
lim
n!1Fðgzn; gwn; gxn; gynÞ ¼ Fðz; w; x; yÞ;
lim
n!1 gFðwn; xn; yn; znÞ ¼ limn!1 ggwnþ1 ¼ gw and
lim
n!1Fðgwn; gxn; gyn; gznÞ ¼ Fðw; x; y; zÞ:
Thus from (2.26) and using Lemma 1.1, we have that gx ¼
Fðx; y; z; wÞ; gy ¼ Fðy; z; w; xÞ; gz ¼ Fðz; w; x; yÞ;gw ¼
Fðw; x; y; zÞ: Hence, ðx; y; z; wÞ is a quadruple coincidence
point of F and g: h
By removing the continuity and compatibility assump-
tions of F and g in Theorem 2.1, we prove the following
theorem.
Theorem 2.2 Let ðX; d;Þ be a partially ordered b-
metric space with parameter s 1: Let F : X4 ! X and
g : X ! X be two mappings satisfying (2.3) for all
x; y; z; w; u; v; r; t 2 X; such that gx 
 gu; gy 
 gv; gz 
 gr
and gw 
 gt; where w and / are the same as in Theorem
2.1. Suppose that
(i) FðX4Þ  gðXÞ;
(ii) F and g satisfy property (2.1),
(iii) there exist x0; y0; z0; w0 2 X such that gx0 

Fðx0; y0; z0; w0Þ; gy0 
 Fðy0; z0; w0; x0Þ; gz0 

Fðz0; w0; x0; y0Þ and gw0 
 Fðw0; x0; y0; z0Þ;
(iv) gðXÞ is a b-complete subspace of X;
(v) if xn ! x when n !1 in X; then xn 
 x for n
sufficiently large.
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Then there exist x; y; z; w 2 X such that gx ¼ Fðx; y;
z; wÞ; gy ¼ Fðy; z; w; xÞ; gz ¼ Fðz; w; x; yÞ; and gw ¼
Fðw; x; y; zÞ: Moreover, if gx0; gy0; gz0 and gw0 are com-
parable, then gx ¼ gy ¼ gz ¼ gw; and if F and g are w-
compatible, then F and g have a quadruple coincidence
point of the form ðp; p; p; pÞ:
Proof From Theorem 2.1, we have that
fgxng; fgyng; fgzng and fgwng are b-Cauchy sequences in
X: Since gðXÞ is a b-complete subspace of X and
fgxng; fgyng; fgzng; fgwng  gðXÞ; there exist x; y; z; w 2
X such that
lim
n!1 dðgxn; gxÞ ¼ limn!1 dðgyn; gyÞ ¼ limn!1 dðgzn; gzÞ
¼ lim
n!1 dðgwn; gwÞ ¼ 0:
Since gxn ! gx when n !1 in X; then from condition
(v) we obtain gxn 
 gx for n sufficiently large. Similarly,
we may show that gyn 
 gy; gzn 
 gz and gwn 
 gw for n
sufficiently large. For such n; using (2.3) we get
wðsdðFðx; y; z; wÞ; gxnþ1ÞÞ ¼ wðsdðFðx; y; z; wÞ; Fðxn; yn; zn; wnÞÞÞ
wðmaxfdðgx; gxnÞ; dðgy; gynÞ; dðgz; gznÞ; dðgw; gwnÞgÞ
/ðdðgx; gxnÞ; dðgy; gynÞ; dðgz; gznÞ; dðgw; gwnÞÞ:
From the above inequality, using Lemma 1.1, as n !1;








dðFðx; y; z; wÞ; gxnþ1ÞÞ
¼ lim sup
n!1
wðsdðFðx; y; z; wÞ; gxnþ1ÞÞ
 lim sup
n!1
wðmaxfdðgx; gxnÞ; dðgy; gynÞ; dðgz; gznÞ; dðgw; gwnÞgÞ
 lim inf
n!1 /ðdðgx; gxnÞ; dðgy; gynÞ; dðgz; gznÞ; dðgw; gwnÞÞ
wð0Þ  /ð0; 0; 0; 0Þ ¼ 0:
Thus, Fðx; y; z; wÞ ¼ gx: Similarly, we can show that
Fðy; z; w; xÞ ¼ gy; Fðz; w; x; yÞ ¼ gz and Fðw; x; y; zÞ ¼ gw:
Now, assume that gx0 
 gy0 
 gz0 
 gw0: From (2.6),
we have
gxn 
 gx0; gyn 
 gy0; gzn 

























 gw: Therefor by (2.3) we obtain
wðmaxfdðgx; gyÞ; dðgy; gzÞ; dðgz; gwÞ; dðgw; gxÞgÞ
wðs maxfdðgx; gyÞ; dðgy; gzÞ; dðgz; gwÞ; ðgw; gxÞgÞ
wðmaxfdðgx; gyÞ; dðgy; gzÞ; dðgz; gwÞ;
dðgw; gxÞgÞ  minf/ðdðgx; gyÞ; dðgy; gzÞ; dðgz; gwÞ;
dðgw; gxÞÞ; /ðdðgy; gzÞ; dðgz; gwÞ; dðgw; gxÞ;
dðgx; gyÞÞ; /ðdðgz; gwÞ; dðgw; gxÞ; dðgx; gyÞ; dðgy; gzÞÞ;
/ðdðgw; gxÞ; dðgx; gyÞ; dðgy; gzÞ; dðgz; gwÞÞg:
Hence,
minf/ðdðgx; gyÞ; dðgy; gzÞ; dðgz; gwÞ; dðgw; gxÞÞ;
/ðdðgy; gzÞ; dðgz; gwÞ; dðgw; gxÞ; dðgx; gyÞÞ;
/ðdðgz; gwÞ; dðgw; gxÞ; dðgx; gyÞ; dðgy; gzÞÞ;
/ðdðgw; gxÞ; dðgx; gyÞ; dðgy; gzÞ; dðgz; gwÞÞg ¼ 0;
which implies that
/ðdðgx; gyÞ; dðgy; gzÞ; dðgz; gwÞ; dðgw; gxÞÞ
¼ 0 or /ðdðgy; gzÞ; dðgz; gwÞ; dðgw; gxÞ; dðgx; gyÞÞ
¼ 0 or /ðdðgz; gwÞ; dðgw; gxÞ; dðgx; gyÞ; dðgy; gzÞÞ
¼ 0 or /ðdðgw; gxÞ; dðgx; gyÞ; dðgy; gzÞ; dðgz; gwÞÞg ¼ 0:
Then from the properties of / we have dðgx; gyÞ ¼
dðgy; gzÞ ¼ dðgz; gwÞ ¼ dðgw; gxÞ ¼ 0; that is gx ¼ gy ¼
gz ¼ gw: Now, suppose that gx ¼ gy ¼ gz ¼ gw ¼ p; since
F and g are w-compatible, then
gp ¼ ggx ¼ gðFðx; y; z; wÞÞ ¼ Fðgx; gy; gz; gwÞ ¼ Fðp; p; p; pÞ:
So, F and g have a quadruple coincidence point of the form
ðp; p; p; pÞ: h
Corollary 2.1 Replace the contractive condition (2.3) of
Theorem 2.1 (or Theorem 2.2, respectively) by the fol-
lowing condition:
there exist w : ½0;1Þ ! ½0;1Þ such that w is an
altering distance function and u : ½0;1Þ ! ½0;1Þ is
continuous with uðtÞ ¼ 0 if and only if t ¼ 0 such that
wðsdðFðx; y; z; wÞ; Fðu; v; r; tÞÞÞwðmaxfdðgx; guÞ;
dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞgÞ
 uðmaxfdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞgÞ;
for all x; y; z; w; u; v; r; t 2 X and gx 
 gu; gy 
 gv; gz 
 gr
and gw 
 gt: Let the other conditions of Theorem 2.1 (or
Theorem 2.2, respectively) be satisfied. Then, F and g have
a quadruple coincidence point.
Proof We replace /ðt1; t2; t3; t4Þ ¼ uðmaxðt1; t2; t3; t4ÞÞ in
Theorem 2.1 (or Theorem 2.2, respectively). So u is con-
tinuous and uðtÞ ¼ 0 if and only if t ¼ 0: h
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Corollary 2.2 Replace the contractive condition (2.3) of
Theorem 2.1 (or Theorem 2.2, respectively) by the fol-
lowing condition:
dðFðx; y; z; wÞ; Fðu; v; r; tÞÞ k
4s
maxfdðgx; guÞ;
dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞg;
for all x; y; z; w; u; v; r; t 2 X; and gx 
 gu; gy 
 gv;
gz 
 gr and gw 
 gt; where k 2 ½0; 1Þ: Let the other con-
ditions of Theorem 2.1 ( or Theorem 2.2) be satisfied. Then,
F and g have a quadruple coincidence point.
Proof We take wðtÞ ¼ t
4
and /ðt1; t2; t3; t4Þ ¼
ð1kÞ
4
maxðt1; t2; t3; t4Þ in Theorem 2.1 (or Theorem 2.2,
respectively). h
Corollary 2.3 Replace the contractive condition (2.3) of
Theorem 2.1 (or Theorem 2.2, respectively) by the fol-
lowing condition:
there exist / : ½0;1Þ4 ! ½0;1Þ is continuous with
/ðt1; t2; t3; t4Þ ¼ 0 if and only if t1 ¼ t2 ¼ t3 ¼ t4 ¼ 0 such
that
dðFðx; y; z; wÞ; Fðu; v; r; tÞÞ 1
s
maxfdðgx; guÞ; dðgy; gvÞ;
dðgz; grÞ; dðgw; gtÞg  1
s
/ðdðgx; guÞ; dðgy; gvÞ;
dðgz; grÞ; dðgw; gtÞÞ;
for all x; y; z; w; u; v; r; t 2 X and gx 




 gt: Let the other conditions of Theorem 2.1 (or
Theorem 2.2, respectively) be satisfied. Then, F and g have
a quadruple coincidence point.
Proof Taking wðtÞ ¼ t in Theorem 2.1 (or Theorem 2.2,
respectively), we have Corollary 2.3. h
Corollary 2.4 Replace the contractive condition (2.3) of
Theorem 2.1 (or Theorem 2.2, respectively) by the fol-
lowing condition:
there exist w : ½0;1Þ ! ½0;1Þ such that w is an
altering distance function, and / : ½0;1Þ4 ! ½0;1Þ is
continuous with /ðt1; t2; t3; t4Þ ¼ 0 if and only if t1 ¼ t2 ¼
t3 ¼ t4 ¼ 0 such that
wðsdðFðx; y; z; wÞ; Fðu; v; r; tÞÞÞ
w dðgx; guÞ þ dðgy; gvÞ þ dðgz; grÞ þ dðgw; gtÞ
4
 
 /ðdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞÞ;
for all x; y; z; w; u; v; r; t 2 X and gx 
 gu; gy 
 gv; gz 
 gr
and gw 
 gt: Let the other conditions of Theorem 2.1 (or
Theorem 2.2, respectively) be satisfied. Then, F and g have
a quadruple coincidence point.
Proof Since
ðdðgx; guÞ þ dðgy; gvÞ þ dðgz; grÞ þ dðgw; gtÞ
4
 maxfdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞg;
and since w is assumed to be nondecreasing, then we apply
Theorem 2.1 (or Theorem 2.2 respectively). h
Corollary 2.5 Replace the contractive condition (2.3) of
Theorem 2.1 (or Theorem 2.2 respectively) by the following
condition
dðFðx; y; z; wÞ; Fðu; v; r; tÞÞ k
4s
ðdðgx; guÞ þ dðgy; gvÞ
þ dðgz; grÞ þ dðgw; gtÞÞ;
for all x; y; z; w; u; v; r; t 2 X and gx 




 gt; where k 2 ½0; 1Þ: Let the other conditions of
Theorem 2.1 (or Theorem 2.2 respectively) be satisfied.
Then F and g have a quadruple coincidence point.
Proof We take wðtÞ ¼ t and /ðt1; t2; t3; t4Þ ¼ 1k4
 ðt1 þ
t2 þ t3 þ t4Þ in Corollary 2.4. h
Now, we obtain some quadruple coincidence point
results for mappings satisfying a contractive condition of
integral type. We denote by K the set of all functions a :
½0;þ1Þ ! ½0;þ1Þ verifying the following conditions:
(i) a is a positive Lebesgue integrable mapping on
each compact subset of ½0;þ1Þ




Let N 2 N be a fixed positive integer. Let faig1 iN be a
family of N functions that belong to K: For all t 0; we































We have the following result.
Corollary 2.6 Replace the contractive condition (2.3) of
Theorem 2.1 (or Theorem 2.2 respectively) by the following
condition:
INðwðsdðFðx; y; z; wÞ; Fðu; v; r; tÞÞÞÞ
 INðwðmaxfdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞgÞÞ
 INð/ðdðgx; guÞ; dðgy; gvÞ;
dðgz; grÞ; dðgw; gtÞÞÞ: ð2:27Þ
Let the other conditions of Theorem 2.1 (or Theorem 2.2
respectively) be satisfied. Then F and g have a quadruple
coincidence point.
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Proof Consider the function W ¼ IN  w and U ¼ IN  /:
Then (2.27) becomes
WðsdðFðx; y; z; wÞ; Fðu; v; r; tÞÞÞ
Wðmaxfdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞgÞ
 Uðdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞÞ:
It is easy to show that W is an altering distance function, U
is continuous and Uðt1; t2; t3; t4Þ ¼ 0 if and only if t1 ¼
t2 ¼ t3 ¼ t4 ¼ 0: Applying Theorem 2.1 (or Theorem 2.2
respectively) we obtain the proof. h
In the case N ¼ 1, we have the following corollary.
Corollary 2.7 Replace the contractive condition (2.3) of
Theorems 2.1 (or Theorem 2.2 respectively) by the fol-












Let the other conditions of Theorem 2.1 (or Theorem 2.2
respectively) be satisfied. Then F and g have a quadruple
coincidence point.
Uniqueness of quadruple fixed point
In this section, we will show the uniqueness of a quadruple
common fixed point.
For a product X4 of a partially ordered set ðX;Þ; we
define a partial ordering in the following way. For all
ðx; y; z; wÞ; ðu; v; r; tÞ 2 X4;
ðx; y; z; wÞ  ðu; v; r; tÞ , x  u; y 	 v; z  r; w 	 t:
ð3:1Þ
We say that ðx; y; z; wÞ and ðu; v; r; tÞ are comparable if
ðx; y; z; wÞ  ðu; v; r; tÞ or ðu; v; r; tÞ 	 ðx; y; z; wÞ:
Also, we say that ðx; y; z; wÞ is equal to ðu; v; r; tÞ if and
only if x ¼ u; y ¼ v; z ¼ r; w ¼ t:
Theorem 3.1 In addition to hypotheses of Theorem 2.1
(or Theorem 2.2, respectively) assume that for all qua-
druple coincidence points ðx; y; z; wÞ; ðu; v; r; tÞ 2 X4; there
exists ða; b; c; dÞ 2 X4 such that
ðFða; b; c; dÞ; Fðb; c; d; aÞ; Fðc; d; a; bÞ; Fðd; a; b; cÞÞ is
comparable to both
ðFðx; y; z; wÞ; Fðy; z; w; xÞ; Fðz; w; x; yÞ; Fðw; x; y; zÞÞ
andðFðu; v; r; tÞ; Fðv; r; t; uÞ; Fðr; t; u; vÞ; Fðt; u; v; rÞÞ: Then
F and g have a unique quadruple common fixed point
ðx; y; z; wÞ such that x ¼ gx ¼ Fðx; y; z; wÞ; y ¼ gy ¼ Fðy;
z; w; xÞ; z ¼ gz ¼ Fðz; w; x; yÞ; and w ¼ gw ¼ Fðw; x; y; zÞ:
Proof Theorem 2.1 (or Theorem 2.2 respectively) implies
that The set of quadruple coincidence points of F and g is
not empty. Suppose that ðx; y; z; wÞ and ðu; v; r; tÞ are two
quadruple coincidence points of F and g; that is,
Fðx; y; z; wÞ ¼ gx; Fðu; v; r; tÞ ¼ gu; Fðy; z; w; xÞ ¼ gy;Fðv;
r; t; uÞ ¼ gv; Fðz; w; x; yÞ ¼ gz; Fðr; t; u; vÞ ¼ gr; Fðw; x;
y; zÞ ¼ gw;Fðt; u; v; rÞ ¼ gt: We show that ðgx; gy;
gz; gwÞ ¼ ðgu; gv; gr; gtÞ: By assumption, there exists
ða; b; c; dÞ 2 X4 such that ðFða; b; c; dÞ; Fðb; c; d; aÞ;
Fðc; d; a; bÞ; Fðd; a; b; cÞÞ is comparable to both
ðFðx; y; z; wÞ; Fðy; z; w; xÞ; Fðz; w; x; yÞ; Fðw; x; y; zÞÞ
and ðFðu; v; r; tÞ; Fðv; r; t; uÞ; Fðr; t; u; vÞ; Fðt; u; v; rÞÞ:
Since FðX4Þ  gðXÞ; we can define the sequences
fgang; fgbng; fgcng and fgdng such that a0 ¼ a; b0 ¼ b;
c0 ¼ c; d0 ¼ d; and
ganþ1 ¼ Fðan; bn; cn; dnÞ; gbnþ1 ¼ Fðbn; cn; dn; anÞ;
gcnþ1 ¼ Fðcn; dn; an; bnÞ; gdnþ1 ¼ Fðdn; an; bn; cnÞ;
for all n 0: Also, in the same way define the sequences
fgxng; fgyng; fgzng; fgwng and fgung;fgvng; fgrng; fgtng;
such that x0 ¼ x; y0 ¼ y;z0 ¼ z; w0 ¼ w; and u0 ¼ u; v0 ¼
v; r0 ¼ r; t0 ¼ t; by
gxnþ1 ¼ Fðxn; yn; zn; wnÞ; gynþ1 ¼ Fðyn; zn; wn; xnÞ;
gznþ1 ¼ Fðzn; wn; xn; ynÞ; gwnþ1 ¼ Fðwn; xn; yn; znÞ;
and
gunþ1 ¼ Fðun; vn; rn; tnÞ; gvnþ1 ¼ Fðvn; rn; tn; unÞ;
grnþ1 ¼ Fðrn; tn; un; vnÞ; gtnþ1 ¼ Fðtn; un; vn; rnÞ;
for all n 0: Since ðx; y; z; wÞ and ðu; v; r; tÞ are quadruple
coincidence points of F and g;, then gxn ¼ Fðx; y; z; wÞ;
gun ¼ Fðu; v; r; tÞ; gyn ¼ Fðy; z; w; xÞ; gvn ¼ Fðv; r; t; uÞ;
gzn ¼ Fðz; w; x; yÞ; grn ¼ Fðr; t; u; vÞ; gwn ¼ Fðw; x; y; zÞ;
gtn ¼ Fðt; u; v; rÞ; for all n 0:
Since ðFðx; y; z; wÞ; Fðy; z; w; xÞ; Fðz; w; x; yÞ; Fðw; x;
y; zÞÞ ¼ ðgx1; gy1; gz1; gw1Þ ¼ ðgx; gy; gz; gwÞ is compara-
ble to ðFða; b; c; dÞ; Fðb; c; d; aÞ; Fðc; d; a; bÞ; Fðd; a; b; cÞÞ
¼ ðga1; gb1; gc1; gd1Þ; then it is easy to show gx 
 ga1;
gy 
 gb1; gz 
 gc1; gw 
 gd1: In a similar way, we get
that
gx 
 gan; gy 
 gbn; gz 
 gcn; gw 
 gdn for all n:
ð3:2Þ
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From (2.3) and (3.2), we obtain
wðsdðgx; ganþ1ÞÞ
¼ wðsdðFðx; y; z; wÞ; Fðan; bn; cn; dnÞÞÞ
wðmaxfdðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞgÞ
 /ðdðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞÞ;
ð3:3Þ
wðsdðgy; gbnþ1ÞÞ
¼ wðsdðFðy; z; w; xÞ; Fðbn; cn; dn; anÞÞÞ
wðmaxfdðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞgÞ
 /ðdðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞÞ;
ð3:4Þ
wðsdðgz; gcnþ1ÞÞ
¼ wðsdðFðz; w; x; yÞ; Fðcn; dn; an; bnÞÞÞ
wðmaxfdðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞgÞ




¼ wðsdðFðw; x; y; zÞ; Fðdn; an; bn; cnÞÞÞ
wðmaxfdðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞgÞ
 /ðdðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞÞ:
ð3:6Þ
Set
cn ¼ maxfdðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞg:
By (3.3)–(3.6) and Remark 2.1, we obtain that
wðcnþ1Þwðscnþ1Þ
wðcnÞ  minf/ðdðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞÞ;
/ðdðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞÞ;
/ðdðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞÞ;
/ðdðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞÞgwðcnÞ:
ð3:7Þ
Hence,
wðcnþ1ÞwðcnÞ for all n 2 N:
Since w is nondecreasing, then cnþ1  cn for all n: This
implies that cn is a non-increasing sequence. Therefore,
there exists c 0 such that
lim
n!1 cn ¼ c:
We show that c ¼ 0: Letting n !1; in (3.7), we get
wðcÞwðcÞ  minf lim
n!1/ðdðgx; ganÞ; dðgy; gbnÞ;
dðgz; gcnÞ; dðgw; gdnÞÞ;
lim
n!1/ðdðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞÞ;
lim
n!1/ðdðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞÞ;
lim
n!1/ðdðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞÞgwðcÞ:
Hence,
minf lim
n!1/ðdðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞÞ;
lim
n!1/ðdðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞÞ;
lim
n!1/ðdðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞÞ;
lim
n!1/ðdðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞÞg ¼ 0:
Therefore,
lim
n!1/ðdðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞÞ ¼ 0 or
lim
n!1
/ðdðgy; gbnÞ; dðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞÞ ¼ 0 or
lim
n!1/ðdðgz; gcnÞ; dðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞÞ ¼ 0 or
lim
n!1/ðdðgw; gdnÞ; dðgx; ganÞ; dðgy; gbnÞ; dðgz; gcnÞÞg ¼ 0:
Using the properties of /, we have
lim
n!1 dðgx; ganÞ ¼ limn!1 dðgy; gbnÞ ¼ limn!1 dðgz; gcnÞ
¼ lim
n!1 dðgw; gdnÞ ¼ 0:
ð3:8Þ
Thus lim
n!1 cn ¼ 0: Similarly, we can show that
lim
n!1 dðgu; ganÞ ¼ limn!1 dðgv; gbnÞÞ ¼ limn!1 dðgr; gcnÞ
¼ lim
n!1 dðgt; gdnÞ ¼ 0:
ð3:9Þ
From (3.8) and (3.9), we conclude that ðgx; gy; gz; gwÞ ¼
ðgu; gv; gr; gtÞ; That is the quadruple coincidence point of
F and g is unique.
Denote gx ¼ x; gy ¼ y; gz ¼ z; gw ¼ w and since
gx ¼ Fðx; y; z; wÞ; gy ¼ Fðy; z; w; xÞ; gz ¼ Fðz; w; x; yÞ;
gw ¼ Fðw; x; y; zÞ so we have that
gx ¼ ggx ¼ gFðx; y; z; wÞ; gy ¼ ggy ¼ gFðy; z; w; xÞ;
ð3:10Þ
gz ¼ ggz ¼ gFðz; w; x; yÞ and gw ¼ ggw ¼ gFðw; x; y; zÞ:
ð3:11Þ
By definition of the sequences fgxng; fgyng; fgzng and
fgwng, we have
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gxn ¼ Fðx; y; z; wÞ ¼ Fðxn1; yn1; zn1; wn1Þ;
gyn ¼ Fðy; z; w; xÞ ¼ Fðyn1; zn1; wn1; xn1Þ;
gzn ¼ Fðz; w; x; yÞ ¼ Fðzn1; wn1; xn1; yn1Þ;
gwn ¼ Fðw; x; y; zÞ ¼ Fðwn1; xn1; yn1; zn1Þ:
Consequently,
lim
n!1 gxn ¼ limn!1Fðxn; yn; zn; wnÞ ¼ Fðx; y; z; wÞ; ð3:12Þ
lim
n!1 gyn ¼ limn!1Fðyn; zn; wn; xnÞ ¼ Fðy; z; w; xÞ; ð3:13Þ
lim
n!1 gzn ¼ limn!1Fðzn; wn; xn; ynÞ ¼ Fðz; w; x; yÞ; ð3:14Þ
lim
n!1 gwn ¼ limn!1Fðwn; xn; yn; znÞ ¼ Fðw; x; y; zÞ: ð3:15Þ
Case 1: In Theorem 2.1, from compatibility and continuity
of F and g we obtain
lim
n!1 dðgFðxn; yn; zn; wnÞ; Fðgxn; gyn; gzn; gwnÞÞ ¼ 0;
lim
n!1 dðgFðyn; zn; wn; xnÞ; Fðgyn; gzn; gwn; gxnÞÞ ¼ 0;
lim
n!1 dðgFðzn; wn; xn; ynÞ; Fðgzn; gwn; gxn; gynÞÞ ¼ 0;
lim




n!1 gFðxn; yn; zn; wnÞ ¼ gFðx; y; z; wÞ;
lim
n!1Fðgxn; gyn; gzn; gwnÞ ¼ Fðgx; gy; gz; gwÞÞ;
lim
n!1 gFðyn; zn; wn; xnÞ ¼ gFðy; z; w; xÞ;
lim
n!1Fðgyn; gzn; gwn; gxnÞ ¼ Fðgy; gz; gw; gxÞ;
lim
n!1 gFðzn; wn; xn; ynÞ ¼ gFðz; w; x; yÞ;
lim
n!1Fðgzn; gwn; gxn; gynÞ ¼ Fðgz; gw; gx; gyÞ;
lim
n!1 gFðwn; xn; yn; znÞ ¼ gFðw; x; y; zÞ;
lim
n!1Fðgwn; gxn; gyn; gznÞÞ ¼ Fðgw; gx; gy; gzÞ:
Thus from Lemma 1.1, we conclude that
gFðx; y; z; wÞ ¼ Fðgx; gy; gz; gwÞ; gFðy; z; w; xÞ ¼ Fðgy; gz; gw; gxÞ;
gFðz; w; x; yÞ ¼ Fðgz; gw; gx; gyÞ; gFðw; x; y; zÞ ¼ Fðgw; gx; gy; gzÞ:
Moreover, from (3.10) implies that
gx ¼ Fðx; y; z; wÞ; gy ¼ Fðy; z; w; xÞ;
gz ¼ Fðz; w; x; yÞ; gw ¼ Fðw; x; y; zÞ:
Case 2: In Theorem 2.2 since F and g are w-compatible,
then
gx ¼ ggx ¼ gðFðx; y; z; wÞÞ ¼ Fðgx; gy; gz; gwÞ ¼ Fðx; y; z; wÞ
gy ¼ ggy ¼ gðFðy; z; w; xÞÞ ¼ Fðgy; gz; gw; gxÞ ¼ Fðy; z; w; xÞ
gz ¼ ggz ¼ gðFðz; w; x; yÞÞ ¼ Fðgz; gw; gx; gyÞ ¼ Fðz; w; x; yÞ
gw ¼ ggw ¼ gðFðw; x; y; zÞÞ ¼ Fðgw; gx; gy; gzÞ ¼ Fðw; x; y; zÞ:
Thus, in the two cases we conclude that ðx; y; z; wÞ is
another quadruple coincidence point of F and g: Hence,
ðgx; gy; gz; gwÞ ¼ ðgx; gy; gz; gwÞ: Therefore
gx ¼ gx ¼ x; gy ¼ gy ¼ y; gz ¼ gz ¼ z;
and gw ¼ gw ¼ w:
Hence, ðx; y; z; wÞ is a quadruple common fixed point of
F and g: The uniqueness of a quadruple common fixed
point follows easily from the uniqueness of a quadruple
coincidence point. h
Now, we give an example to justify the hypotheses of
Theorem 2.1.
Example 3.1 Let X ¼ ½0;1Þ be equipped with the b-
metric dðx; yÞ ¼ ðx  yÞ2 for all x; y 2 X; where s ¼ 2; and
suppose that  is the usual ordering  on X: Obviously,
ðX; d;Þ is a partially ordered complete b-metric space.
Let F : X4 ! X and g : X ! X be defined by
Fðx; y; z; wÞ ¼ x
2 þ y2 þ z2 þ w2
16
and gðxÞ ¼ x2:
It is easy to see that g and F are compatible. Define w :
½0;1Þ ! ½0;1Þ by wðtÞ ¼ kt and / : ½0;1Þ4 ! ½0;1Þ by
/ðt1; t2; t3; t4Þ ¼ k14 ðt1 þ t2 þ t3 þ t4Þ; where 1 k 8:
Then, w and / have the properties mentioned in Theorem
2.1. Further, for all x; y; z; w; u; v; r; t 2 X; we have gx 

gu; gy 
 gv; gz 
 gr and gw 
 gt: Hence,
wðsdðFðx; y; z; wÞ; Fðu; v; r; tÞÞÞ
¼ w 2 x
2 þ y2 þ z2 þ w2
16
 u






ððx2  u2Þ þ ðy2  v2Þ þ ðz2  r2Þ þ ðw2  t2ÞÞ2
 4k
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ðdðgx; guÞ þ dðgy; gvÞ þ dðgz; grÞ þ dðgw; gtÞÞ
 8
32
ðdðgx; guÞ þ dðgy; gvÞ þ dðgz; grÞ þ dðgw; gtÞÞ
¼ 1
4
ðdðgx; guÞ þ dðgy; gvÞ þ dðgz; grÞ þ dðgw; gtÞÞ
¼ k
4
ðdðgx; guÞ þ dðgy; gvÞ þ dðgz; grÞ þ dðgw; gtÞÞ
 k  1
4
ðdðgx; guÞ þ dðgy; gvÞ þ dðgz; grÞ þ dðgw; gtÞÞ
 k maxfdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞg
 /ðdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞÞ
¼ wðmaxfdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞgÞ
 /ðdðgx; guÞ; dðgy; gvÞ; dðgz; grÞ; dðgw; gtÞÞ:
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So, F and g satisfy all the conditions of Theorem and
ð0; 0; 0; 0Þ is a quadruple coincidence point of F and g:
Moreover, by Theorem 3.1 ð0; 0; 0; 0Þ is the unique qua-
druple common fixed point of F and g:
Note that, in this case F does not have the g-mixed
monotone property, so the results of paper [25] cannot be
applied.
Open Access This article is distributed under the terms of the
Creative Commons Attribution License which permits any use, dis-
tribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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